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Integer vs fractional numbers
3Factorial vs Gamma function









4Integer vs Fractal dimension
d = 0.63







Integer vs Fractional derivative
 D1(eax) = a eax
 D2(eax) = a2 eax
 D3(eax) = a3 eax
 ....
 Dn(eax) = an eax
 Dα(eax) = aα eax
n -integer
6What is the meaning of 
D ½y ?
This is an apparent 
paradox from which, one 













 The name "fractional calculus" is 
actually a misnomer
 The designation "integration and 
differentiation of arbitrary order" 
is more appropriate
8Motivation: sin(ax) function
 D 1[sin(ax)] = a 1 sin(ax + 1 π/2)
 D 2[sin(ax)] = a 2 sin(ax + 2 π/2)
 D 3[sin(ax)] = a 3 sin(ax + 3 π/2)
 D 4[sin(ax)] = a 4 sin(ax + 4 π/2)
 ...
 D α[sin(ax)] = a α sin(ax + α π/2)
Weyl derivative 
α∞− tD
9Vector interpretation of Dα for 
the function f = sin(x)
D 1f = sin(x + π/2)
D 0f = sin(x)
D −1f = sin(x − π/2)
D αf = sin(x + απ/2)
απ/2
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Definitions of fractional 
derivatives-1
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Definitions of fractional 
derivatives -2












































Left and Right fractional derivatives
 Left-sided
 Right-sided
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past of f(t) future of f(t)a t b
( )tfDta α ( )tfDbt α
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Grünwald-Letnikov definition





















































































 Recursive relationships of 
pole/zero frequencies:
 Average slope:
































ω εη2 = RC
log ω 
′ =ω η1 RC











































































h ≈T , T - sampling period:
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 Newton 2nd law
xkF &=
xkF &&=
kxF = ( )α= kxF
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Fractional-Order Controllers
 The fractional-order PIλDμ controller:



























Bode diagramsFeedback control system
1<α<2













































































 A mechanical system with n
identical components having, each 
one, an independent motion
 Each elemental component 
consists of two masses M1 and M2, 
with displacement x1 and x2, 
having a backlash h, subjected to 



























System Simulation and Analysis
 Each element is driven by:
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t
dx2/dt
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txFjH kk
&ω
( ) kkk mjH αωω 1−≈
impact impact
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 The average transfer functions for n =103 elements 
are smoother
































































xref Δq qΔx 
J#(q)









 3R planar redundant manipulator
3 x 12 x 1
27
Joint positions and manipulability vs
time for ρ = 0.5, r = {0.6, 2.0}
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F{dq2/dt} vs (r ,ω/ω0) for ρ=0.5
 



















Manipulator vibrations: Impacts and liquid motion
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fs = 500 Hz
fc = 100 Hz

































>= 1 decade >= 1 decade
Signals in the Frequency Domain: Set of Spectrum Shapes
{ } mcf(t) ω≈F
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Pseudo Phase Plane (PPP)
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Spectrum of the axis 3 motor current Average mutual info vs time delay
Fractal dimension of PPP vs time delay PPP for time delay = 300 samples
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Trendline slope of the spectra of the electrical motor currents
vs
fractal dimension of PPP and time delay
































Segment 2Segment 4Segment 6







































 Outer loop: position feedback 















 Analysis of experiments
 superior performance of the FO controller 
for αj ≈ 0.5
 best situation when joint 3 is motor 
actuated
 comparison of the plots of the leg joint 
torques τ1jm and of the hip trajectory 
tracking errors Δ1xF and Δ1yF versus t for 




















Joint j=3 motor actuated


















Joint j=3 motor actuated



















Joint j=3 motor actuated



















Joint j=3 motor actuated


















Joint j=3 motor actuated
Joint j=3 mechanical actuated
38
Conclusions
 Fractional models capture phenomena 
and properties that classical integer-
order neglect
 Recent studies encourage the 
dynamical analysis and control of 
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